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Grid Convergence Error Analysis for Mixed-Order
Numerical Schemes

Christopher J. Roy¤

Sandia National Laboratories, Albuquerque, New Mexico 87185-0825

New developments are presented in the area of grid convergence error analysis for mixed-order numerical
schemes. A mixed-order scheme is de� ned as a numerical method where the formal order of the truncation error
varies either spatially, for example, at a shock wave, or for different terms in the governing equations, for example,
third-order convection with second-order diffusion. The case examined is the Mach 8 inviscid � ow of a calorically
perfect gas over a spherically blunted cone. This � ow� eld contains a strong bow shock wave, where the formally
second-order numerical scheme is reduced to � rst order via a � ux-limiting procedure. The proposed mixed-
order error analysis method allows for nonmonotonic behavior in the solution variables as the mesh is re� ned.
Nonmonotonicity in the local solution variables is shown to arise from a cancellation of � rst- and second-order
error terms for the present case. An error estimator is proposed based on the mixed-order analysis and is shown
to provide good estimates of the actual error when the solution converges nonmonotonicallywith grid re� nement.

Nomenclature
DE = discretizationerror
Fs = factor of safety for error estimators, 3
f = general solution variable
gi = i th order error term coef� cient
h = normalized measure of grid spacing, [N1=Nk ]1=2

M = Mach number
N = number of mesh cells
p = spatial order of accuracy; pressure, N/m2

R = gas constant, 296.8 J/kg ¢ K
RN = nose radius, 0.00508 m
r = grid re� nement factor
x = axial coordinate, m
y = radial coordinate, m
° = ratio of speci� c heats, 1:4
"k C 1;k = difference between solution variable

on mesh k C 1 and mesh k

Subscripts and Superscript

exact = exact continuum value
k = mesh level, 1, 2, 3, etc.; � ne to coarse
n = � ow� eld node index
» = estimated value to order h p C 1

Introduction

A S computersbecomefasterandalgorithmsmore ef� cient,com-
putational � uid dynamics (CFD) has enormous potential to

contribute to the design, analysis, and certi� cation of engineering
systems. However, simulation results are often regarded with skep-
ticism by the engineering community as a whole. When judged by
the resultsof numerousvalidationstudies,1¡4 this lack of con� dence
in CFD is not surprising. To quote Hutton and Casey,2 “the results
of such exercisescan be highly user-dependenteven when the same
CFD software with the same models is being used.” Oftentimes,
when a number of users do obtain the same results, these results do
not agree with the experimental data. For CFD to achieve its poten-
tial, more work must be done to quantify the accuracy of simulation
results.
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Veri� cation and validation5;6 provide a framework for rigorously
assessingthe accuracyofCFD simulations.Veri� cationdealspurely
with themathematicsof a chosenset of equationsand can be thought
of as solving the equations right. Validation, on the other hand, en-
tails a comparison to experimental data, that is, real-world obser-
vations, and is concerned with solving the right equations. With
regards to the sequence, veri� cation must be performed � rst for
quantitative validation comparisons to be meaningful. Error types
that are quanti� ed in veri� cation activities include coding errors,
that is, mistakes, incomplete iterative convergence error, roundoff
error, far-� eld boundaryerror, temporal convergenceerror, and grid
convergence(or discretization)error. This last source of error is re-
lated to the adequacy of the computational mesh employed and is
the focus of the current effort.

Some terms related to the order of accuracy are now de� ned. The
formal order of accuracy of a given numerical scheme is de� ned as
the lowestorder term in the truncationerror, that is, thedifferencebe-
tween the continuumpartialdifferentialequationand the discretized
equations.The truncationerror can be determinedby a priori substi-
tution of Taylor-seriesexpansionsinto the discretizedequations.7 A
mixed-orderscheme is de� ned here as a scheme in which two terms
of different order in the truncation error are of similar magnitude
over the range of mesh densities examined. In the current work, a
limiter is employed to reduce the formally second-order accurate
numerical scheme to � rst order in the vicinity of shock waves. Fi-
nally, the observed order of accuracy is the order as determined by
an a posterioriexaminationof the solution(s).The observedorderof
accuracywill not necessarilybe equal to the formal order, especially
when the solutions are outside of the asymptotic grid convergence
range.

For complex problems, the most reliable methods for assess-
ing the grid convergence errors in the solution to partial differ-
ential equations are a posteriori methods based on Richardson
extrapolation8;9 (also see Ref. 5). Roache10 has proposed the grid
convergence index (GCI) as a uniform method for reporting the
results of grid re� nement studies. As a minimum requirement for
estimating solutionaccuracy, two grid solutionsare used along with
a knowledgeof the formalorderof accuracyof thenumericalscheme
to producean error estimate in the solutionproperties.However, this
minimum requirement can be misleading when the observed order
of accuracy differs from the formal order of accuracy.

Error analysismethods for high-speedcompressible� ows can be
complicatedby the presenceof shockwaves. The most common nu-
merical methods used for high-speed � ows are characteristic-based
upwindmethods. For steady � ows, methods that are second order in
space are often employeddue to their favorablemixture of accuracy
and numerical stability. To prevent nonphysical oscillations, most
upwind schemes employ limiters that reduce the spatial accuracy
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to � rst order through shock waves. In fact, Godunov showed that
the capturing of a discontinuitywithout oscillation required that the
spatial accuracy of the scheme reduce to � rst order.11 The presence
of both second- and � rst-order spatial accuracy in a solution can
greatly complicate grid convergence analyses.

Carpenter and Casper12 conducted a careful study of the grid
convergencebehaviorfor a two-dimensionalhypersonicblunt-body
� ow. Their study employed higher-ordermethods and omitted any
� ux limiting at the shock wave. Although the numerical schemes
they employed were formally third and fourth order, they found
that the spatial order of accuracy always reverted to � rst order on
suf� cientlyre� ned meshes.Their � ndingsindicate that evenwithout
the use of � ux limiters to reduce the spatial order of accuracy at
discontinuities, the information is passed through the shock wave
in a � rst-order manner (at least in two dimensions and higher).
Similar resultshavebeenobservedby other authors.13¡15 For shock-
containing� ows, it is surmisedthat the local truncationerror reduces
to � rstorderat thediscontinuity,regardlessof theuseof � ux limiters.
Because the truncation error determines the order of the method,
this spatial variation results in a � rst-order asymptotic behavior as
the cell size approaches zero. When the solutions exhibit a clear
asymptotic behavior at the formal order of the scheme, followed
by a � rst-order asymptotic range, then the numerical method is
herein classi� ed as a mixed-order scheme. Note that if the local
discretization error contains any � rst-order terms, however small,
then themathematicalclassi� cationof the scheme is technically� rst
order because this � rst-order term will dominate as the grid spacing
approaches zero.

In addition to � ows with shock waves, there are many other
examples of mixed-order numerical schemes. Leonard’s QUICK
scheme16 employs a third-order accurate convective operator and
standard second-order central differences for diffusion. Celik and
Zhang17 and Celik and Karatekin18 examined a subsonicbackward-
facing step problem with a numerical scheme that used central dif-
ferences for the diffusion terms but was a mixture of � rst-order up-
wind and second-ordercentraldifferencefor the convectiveterms. A
mixed-order behavior can also occur for cases where the transport
properties undergo large, abrupt changes, such as at the interface
between two porous media.5

Previous work by Roy et al.19;20 and Roy21 veri� ed the presence
of both � rst- and second-ordererrors for a laminar hypersonicblunt-
body� owwhena formallysecond-ordernumericalschemewas used
in conjunction with � ux limiting at the shock wave. It was shown
that the use of a mixed-order numerical scheme resulted in non-
monotonic convergence of certain � ow properties as the mesh was
re� ned. This nonmonotonicgrid convergencebehaviorwas found to
occur when the � rst- and second-ordererror terms were of opposite
sign, thus leading to error cancellation.Nonmonotonicgrid conver-
gencehas been observedby a numberof other authors.For example,
Celik and Karatekin18 examined the � ow over a backward-facing
step using the k–" turbulencemodel with wall functions.These au-
thors found signi� cant nonmonotonicity in both the velocity and
turbulent kinetic energy pro� les as the grid was re� ned.

The main goal of this work is to explore, in detail, the behavior
of a mixed � rst- and second-order numerical scheme as the grid is
re� ned. A secondary goal is to develop an error estimator that can
be applied to such schemes. The test problem used is the Mach 8
inviscid � ow of a calorically perfect gas (° D 1.4) over a spheri-
cally blunted cone.This � ow� eld containsa strong bow shockwave
where the formally second-order spatial discretization reduces to
� rst order.

Computational Model
The computational � uid dynamics code used is SACCARA. The

SACCARA code was developed from a parallel distributed mem-
ory version22¡25 of the INCA code, originally written by Amtec
Engineering. For the present simulations, the SACCARA code is
used to solve the Euler equations for conservation of mass, mo-
mentum, and energy for axisymmetric � ow. The calorically perfect
gas assumption is made with ° D 1:4, and the gas is further as-
sumed to be composed of diatomic nitrogen, R D 296.8 J/kg ¢ K.
The governingequations are discretizedusing a cell-centered � nite

volume approach. The convective � uxes at the interface are calcu-
lated using the Steger and Warming26 � ux vector splitting scheme.
Second-orderreconstructionsof the interface� uxes are obtainedvia
MUSCL extrapolation.27 A � ux limiter is employed that reduces the
spatial discretizationto � rst order in regions of large second deriva-
tives of pressure and temperature. This limiting process is used to
prevent oscillations in the � ow properties at shock waves. The use
of � ux limiting results in a mixture of � rst- and second-order accu-
racy in space. The implications of the mixed-order scheme on the
convergence behavior of the method as the grid is re� ned will be
discussed in detail.

The SACCARA code employs a massively parallel distributed
memory architecture based on multiblock structured grids. The
solver is a lower–upper symmetric Gauss–Seidel scheme based on
the works of Yoon and Jameson,28 Yoon and Kwak,29 and Peery
and Imlay,30 which provides for excellent scalability up to thou-
sands of processors.31 A number of code veri� cation studies pro-
vide con� dence that the SACCARA code is free from coding er-
rors. These studies include comparison to established numerical
benchmark solutions,19;20 as well as code to code comparisonswith
Navier–Stokes (see Refs. 19, 20, and 32) and direct simulation
MonteCarlo33;34 approaches.The simulationspresentedhereinwere
run using a single 400-MHz processor of a Sun Enterprise 10000
shared-memory machine.

Extrapolation Techniques
When a differentialequationis solvednumerically,the discretiza-

tion error (DE) on mesh level k may be written as

DEk D fk ¡ fexact (1)

where fk is a discrete solution value on mesh level k and fexact

is the exact solution to the continuum partial differential equation.
Equation (1) may be appliedon a point-by-pointbasis locallywithin
thedomainor to globalquantitiessuchas lift and drag.The following
development is based on a series expansion5 of the discretization
error, which, for a uniform mesh, may be rewritten as

fk D fexact C g1hk C g2h
2
k C g3h

3
k C O

¡
h4

k

¢
(2)

where gi is the i th-order error term coef� cient and hk is some mea-
sure of the grid spacing on mesh k. For a formally second-order
scheme, the g1 coef� cient will be zero. The general procedure is to
write Eq. (2) for a number of different mesh levels and solve for
an approximation to fexact and the dominant error term coef� cient.
In certain cases, an “observed” order p is also determined as part
of the error analysis. Note that Eq. (2) is strictly valid only on uni-
form Cartesian meshes, with the application to curvilinear meshes
(or their � nite volume equivalent) dependent on the quality of the
coordinate transformation.Without loss of generality, the � ne grid
spacingis normalizedto unity, that is,h1 D 1, and thegrid re� nement
factor is de� ned as

rk;k C 1 D hk C 1=hk (3)

Two of the requiredassumptionsfor using these extrapolationmeth-
odsare that the solutionsmust be in the asymptoticgrid convergence
range, that is, the higher-order terms in Eq. (2) are small, and that
the solutionsmust be smooth.The extrapolatedsolutioncan be used
in one of two ways: to estimate the error of the discrete solutions,or
simply as a more accuratesolution.This authorrecommendsthe for-
mer because the latter tends to magnify spatial discretizationerror,
roundoff error, and incomplete iterativeconvergenceerror. Further-
more, even if the original numerical scheme locally conservessome
properties such as mass, momentum, or energy, the extrapolated
solution will not necessarily be conservative.

Standard Richardson Extrapolation
In the early 1900s, Richardson8;9 developed a method of extrap-

olating two discrete second-order solutions to yield a fourth-order
accurate solution. The solutions were obtained on a � ne grid with
spacing h1 and a coarse grid with spacing h2, with h2=h1 D 2, that
is, grid doubling/halving. The fourth-order accuracy of the extrap-
olated solution arose from the exclusive use of central differences,
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which contain only even powers in the expansion given in Eq. (2).
Unless centraldifferencesareused exclusively,the odd terms should
be included. Thus, for a second-order numerical scheme, the two
discrete solutions may be generally written as

f1 D fexact C g2h
2
1 C O

¡
h3

1

¢

f2 D fexact C g2h
2
2 C O

¡
h3

2

¢
(4)

When the terms of order h3 and higher are neglected, this system
can be solved for approximationsto fexact and g2 (the coef� cient of
the second-order error term)

Qg2 D . f2 ¡ f1/
¯

3h2
1 (5)

Qfexact D f1 C [. f1 ¡ f2/=3] (6)

where the tilde denotesapproximatevaluesthatneglecthigher-order
terms. When the difference in two successive grid levels is de� ned
as

"21 D f2 ¡ f1 (7)

and h1 D 1 is used, Eqs. (5) and (6) reduce to

Qg2 D "21=3; Qfexact D f1 ¡ "21=3 (8)

Generalized Richardson Extrapolation
The Richardson extrapolation8;9 technique can be generalized to

arbitrary grid re� nement factor r and order p following Roache.5

The series representation is written as

f1 D fexact C gph p
1 C O

¡
h p C 1

1

¢

f2 D fexact C gph p
2 C O

¡
h p C 1

2

¢
(9)

Approximating these equations by dropping the higher-order terms
and then solving for the pth-order error coef� cient gp and the exact
solution fexact results in

Qgp D "21

¯
.r p ¡ 1/ (10)

Qfexact D f1 ¡
£
"21

¯
.r p ¡ 1/

¤
(11)

wherer D r12 fromEq. (3). In this case, theorderof thediscretization
p must be assumed a priori because only two solutions are used.
These estimates will, in general, be (p C 1/th-order accurate.

In addition to using the extrapolatedvalues to estimate the errors
in the discrete solutions, it is strongly recommended that the order
of accuracy also be veri� ed. The standard method for order veri� -
cation requires that all three grid solutions be in the asymptoticgrid
convergence range. The series representation is now expressed as

f1 D fexact C gph p
1 C O

¡
h p C 1

1

¢
(12)

f2 D fexact C gph p
2 C O

¡
h p C 1

2

¢
(13)

f3 D fexact C gph p
3 C O

¡
h p C 1

3

¢
(14)

If the higher-orderterms are neglected,then the precedingequations
can be solved for approximations to the order p, gp , and fexact to
give

r Qp
12 ¡ 1

r Qp
12r

Qp
23 ¡ 1

D
"21

"21 C "32
(15)

Qgp D "21

r Qp
12 ¡ 1

(16)

Qfexact D f1 ¡ "21

r Qp
12 ¡ 1

(17)

Notice that Eq. (15) is transcendentalin Qp and, thus, must be solved
iteratively5 and that Eqs. (16) and (17) correspond to Eqs. (10) and

(11).For thecasewhenr12 D r23 D r , that is, constantgrid re� nement
factor, Eq. (15) reduces to

Qp D ."32="21/

.r/
(18)

This last equation was used by de Vahl Davis35 to solve for the
observed order of accuracy for the natural convection in a square
cavity.

When the three discrete solutions do not converge monotoni-
cally as the grid is re� ned, then "32="21 < 0, and Eq. (18) is, there-
fore, unde� ned. Celik and Karatekin18 addressed the issue of non-
monotonic,or “oscillatory,” grid convergenceby insertinga negative
sign in front of the gp coef� cient in Eq. (13) (the medium mesh).
However, there is no mathematical justi� cation for sucha procedure.
This paper will present both an analysis method and an error esti-
mation techniquefor dealing with nonmonotonicgrid convergence.

Mixed First- and Second-Order Extrapolation
For the case when both � rst- and second-order error terms are

included,19¡21 three discrete solutions are needed, where the series
representation is written as

f1 D fexact C g1h1 C g2h2
1 C O

¡
h3

1

¢

f2 D fexact C g1h2 C g1h2
2 C O

¡
h3

2

¢

f3 D fexact C g1h3 C g2h2
3 C O

¡
h3

3

¢
(19)

The inclusion of more than one error term in the expansion is not a
new concept.For example, see Ref. 36 for a discussionof Romberg
interpolation as applied to the trapezoidal rule. For arbitrary mesh
re� nement, the preceding equations may be solved for approxima-
tions to g1 , g2, and fexact to yield

Qg1 D
"32

¡
1 ¡ r 2

12

¢
C "21r 2

12

¡
r 2

23 ¡ 1
¢

r12.r12 ¡ 1/.r23 ¡ 1/.r12r23 ¡ 1/

Qg2 D "32.r12 ¡ 1/ ¡ "21r12.r23 ¡ 1/

r12.r12 ¡ 1/.r23 ¡ 1/.r12r23 ¡ 1/

Qfexact D f1 C
"32.r12 ¡ 1/ ¡ "21

¡
r12r 2

23 ¡ r12 ¡ r23 ¡ 1
¢

.r12 ¡ 1/.r23 ¡ 1/.r12r23 ¡ 1/
(20)

For the case of a constant grid re� nement factor, the preceding
equations simplify to

Qg1 D
r 2"21 ¡ "32

r.r ¡ 1/2
(21)

Qg2 D "32 ¡ r"21

r.r C 1/.r ¡ 1/2
(22)

Qfexact D f1 C "32 ¡ .r 2 C r ¡ 1/"21

.r C 1/.r ¡ 1/2
(23)

and for r D 2, these equations further reduce to

Qg1 D .¡"32 C 4"21/=2; Qg2 D ."32 ¡ 2"21/=6

Qfexact D f1 C ."32 ¡ 5"21/=3 (24)

These estimates are generally third-order accurate. A third-order
error term could be easily included by simply adding another mesh
level; see Ref. 21 for details.

Smooth Flow Test Case
To verify that the SACCARA code does indeed produce second-

order accuracy in space, a test problem with smooth � ow is � rst ex-
amined. The inviscid � ow of a caloricallyperfectgas throughan ax-
isymmetricnozzlewas simulatedusing � ve mesh levels:400 £ 160,
200£ 80, 100 £ 40, 50 £ 20, and 25 £ 10 cells. The coarse grids
were generated from the � ne grid by eliminating every other grid
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Fig. 1 Grid and Mach contours for the inviscid nozzle case.

line successively in each direction (r D 2). The 100 £ 40 cell mesh
is shown in Fig. 1 along with Mach number contours. The grids
lines are orthogonal to the domain boundaries and equally spaced
in the axial direction. The radial height of the cells is a function of
the axial coordinate only. The outer wall of the nozzle is given by
the relationship

y D 0:005 C 0:195x2 ¡ 0:13x3 (25)

and the Mach number varies from near unity at the throat, x D 0,
to approximately � ve at the out� ow. Symmetry is enforced along
the x axis, while tangent � ow with zero normal pressure gradient is
enforced at the nozzle outer wall.

The observed order of accuracy of the method is estimated by
examining the behaviorof variousnorms of the spatial error. To cal-
culate error norms, local estimatesof the exact solutionare required.
Estimates of the exact solution were obtained by extrapolating the
solutions using the two � nest meshes (restricted onto the coars-
est 26 £ 11 node mesh) and the second-orderextrapolationmethod
presented in Eq. (8). The L1 and L2 norms were then calculated as

L1 normk D
NX

n D 1

j fk;n ¡ Qfexact;n j

,
N

L2 normk D

Á
NX

n D 1

j fk;n ¡ Qfexact;n j2

,
N

!1
2

(26)

where k indicates the mesh level and n is summed over the N points
used in the norm calculation. In this case, all of the nodal mesh
points were used, including boundary points. Although it was not
employed in the current work, Roache and Knupp37 developed a
method for obtaining estimates of the exact solution on the � ne
mesh points.

The normsof the discretizationerror aregiven in Fig. 2 for the � ve
grid levels plotted on a log–log scale. The cell spacing parameter h
is normalized to unity on the � ne mesh; thus, the discrete solutions
fall at h D 1, 2, 4, 8, and 16. Also shown in Fig. 2 are the � rst- and
second-orderslopes.The norms are shown to drop in a second-order
manner as the grid is re� ned, that is, from right to left. This test
case con� rms that the numerical scheme is, indeed, second-order
accurate in space for inviscid smooth problems.

Hypersonic Blunt-Body Case
Flow� eld Conditions and Grids

The problem of interest is the Mach 8 inviscid � ow of a calori-
cally perfectgas,° D 1.4and R D 296.8 J/kg ¢ K, overa sphere–cone
geometry. The nose radius RN is 0.00508 m, and the half-angle of

Table 1 Flow� eld conditions
for the sphere–cone simulations

Flow parameter Value

Freestream Mach number M 8.0
Freestream static pressure p 286.817 N/m2

Freestream static temperature T 47.668 K

Table 2 Flow� eld meshes
for the sphere–cone simulations

Mesh Mesh cells Grid spacing ha

1 1024£ 512 1
2 512£ 256 2
3 256£ 128 4
4 128£ 64 8
5 64 £ 32 16
6 32 £ 16 32
7 16 £ 8 64
8 8 £ 6 128

aGrid spacingmeasure is normalized by thegrid
spacing on the � nest mesh (e.g., mesh 1 has
h D 1).

Fig. 2 Spatial error norms of pressure for the inviscid nozzle case.

the cone is 10 deg. The conditionsused in these simulationsare pre-
sented in Table 1. Solutions were obtained for eight grid re� nement
levels, from mesh 1 (1024£ 512 cells) to mesh 8 (8 £ 6 cells), with
each successive grid level found by eliminating every other grid
line in the two spatial dimensions, that is, grid halving. The only
exception is mesh 8, where two additional points were added to the
outer boundary to capture the shock wave on this coarse mesh. The
meshes used in this study do not employ clustering and are sum-
marized in Table 2. For the � nest mesh, the spacing normal to the
wall varies from 3.5 £ 10¡6 m at the stagnationpoint, x=RN D 0, to
1.6 £ 10¡5 m at theendof thebody,x=RN D 2. The spacingalongthe
surface is approximatelyconstant at 1.4 £ 10¡5 m for the � ne mesh.
The meshes were generated such that the grid lines are orthogonal
to all domain boundaries. The velocity, pressure, and temperature
were held constant at the in� ow boundary,a zero gradient condition
was used at the out� ow, and symmetry was enforced at the y D 0
boundary. A tangent � ow condition was enforced along the body
along with a zero gradient condition for pressure, which strictly
holds for straight walls. All boundary conditions are implemented
is a second-ordermanner.

A contour plot of Mach number is presented in Fig. 3 along with
the � ow� eld mesh. The 64 £ 32 mesh (mesh 5) is shown for clarity.
A strongshock wave occurs in the domain roughlyhalfwaybetween
the body and the outer boundary. Along the stagnation streamline,
y=RN D 0, the shock is normal to the y axis and is effectively grid
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Fig. 3 Grid and Mach contours for inviscid sphere–cone.

aligned. For the remainder of the domain, the shock is not aligned
with the mesh. In addition, no effort was made to cluster the grid
to the shock. For plotting purposes, the spatial coordinates are nor-
malized by the nose radius, RN D 0.00508 m.

A common misconception is that methods for assessing the DE
based on Richardson extrapolation8;9 are valid for uniform grids
only. Extrapolation-based methods can be used to analyze prob-
lems on curvilinear, stretched, and skewed meshes using � nite dif-
ferencesprovided the metric transformation to computationalspace
is of the same order (or higher) as the numerical scheme. This result
also holds for � nite volume and � nite element schemes because the
former can be shown to be mathematically equivalent to a coordi-
nate transformation and the latter employs local coordinate trans-
formations. However, problems can occur when a poor choice of
transformations is made and when the mesh is highly irregular. For
the problems examined herein, where the meshes are curvilinear
with little skewness or mesh stretching, the errors introducedby the
effective transformation are expected to be negligible.

Iterative Convergence Errors
Iterative convergence was assessed by monitoring the L2 norms

of the residuals for the governing equations. The residual is de-
� ned by substituting the current solution into the steady-state form
of the discretized governing equations, that is, without the time
derivatives. The residuals will approach zero as a steady-state so-
lution is reached and the current solution satis� es the discretized
form of the steady equations. For all equations on each mesh level,
the residuals were reduced down to machine zero (approximately
14 orders of magnitude). For a similar case, which included vis-
cous effects, Roy et al.20 showed that a reduction in the L2 norms
residuals corresponds directly to a drop in the error for the surface
quantities. The reduction of the steady-state residuals to machine
zero provides con� dence that the iterative convergence errors will
be small and, therefore, have a negligible impact on assessing grid
convergence errors.

Grid Convergence Error Analysis
The order of accuracy for the surface pressure distributions has

been calculated using Eq. (18) with meshes 1–3 and r D 2. Re-
call that the underlying assumption for this equation is that the
solutions are in the asymptotic convergence range and, therefore,
change monotonically as the grid is re� ned. The results, shown in
Fig. 4, indicate that the local order of accuracy varies from large
negative values to values as large as eight. The unde� ned values,
which are not included in Fig. 4, occur when the argument of the
natural logarithm in Eq. (18) is negative, that is, the solutions are

Fig. 4 Order of accuracy of the surface pressure distributions using
meshes 1–3 and Eq. (18).

Fig. 5 Spatial error norms in pressure using one fourth of the points
from the body to the outer boundary (excluding the shock).

not monotonic.The failure of Eq. (18) to provide an observed order
of accuracy close to the formal order of the scheme (second order)
provides the motivation for the current work.

The next step toward understanding the order of accuracy of the
method is to examine the behavior of some norms of the spatial
error. To calculate error norms, local estimates of the exact solution
are required. Estimates of the exact solution were obtained by ex-
trapolating the solutions using meshes 1 and 2 using the � rst-order
extrapolationmethod obtained from Eq. (11) with r D 2 and p D 1.
The L1 and L2 norms were then calculated from Eqs. (26). In ad-
dition, all of the norms employed only one-fourth of the available
� ow� eld points from the body out toward the shock. The omission
of the shock wave was requiredbecause the extrapolationtechnique
used to approximate fexact is not valid through discontinuities.

Thesenormsarepresentedin Fig. 5 for thepressureandareplotted
vs the grid cell size h on a log–log plot. Recall that the cell size was
normalized such that h D 1 on the � nest mesh (mesh 1). Because a
grid re� nement factor of two (grid halving) was used, the discrete
solutions fall at 1, 2, 4, 8, 16, 32, 64, and 128. The pressure norms
exhibit a region of second-orderbehavior on the coarse meshes that
quickly asymptotes to a � rst-order slope on the � ner meshes. The
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Fig. 6 Behavior of the surface pressure as the mesh is re� ned at the
sphere–cone tangency point.

Fig.7 Error in the surface pressure as the mesh is re� ned at thesphere–

cone tangency point.

� rst-order asymptotic behavior as the mesh is re� ned is expected,
as discussed in the Introduction.

The surface pressure will now be examined locally on a point-
by-point basis. The behavior of the surface pressure with mesh re-
� nement is presented in Fig. 6 at the sphere–cone tangency point,
x=RN D 0.83. It is seen that the pressure converges monotonically
as the grid is re� ned, that is, as h ! 0. The solid line at a value of
p D 1870 N/m2 represents an estimate of the exact solution found
from Eq. (23) using meshes 1–3 only.

Further insightinto the error behaviorcanbe gainedbyexamining
the contributions of both the � rst- and second-order error terms.
Figure 7 shows the behavior of the grid convergence error in the
surface pressure at the sphere–cone tangency point as the mesh is
re� ned.The discretesolutionerror is calculatedusingthe third-order
accurate estimate Qfexact from Eq. (23) (using meshes 1–3) and the
following relationship:

jspatial error .%/j D
­­­­

fk ¡ Qfexact

Qfexact

­­­­£ 100 (27)

The discrete error is representedby the squaresymbols in Fig. 7 and
isexpectedto be a goodrepresentationof the trueerror,especiallyfor

Fig. 8 Behavior of the surface pressure as the mesh is re� ned.

the coarsermeshes.The reason is that the errorson the � nest meshes
are so small that similar coarse grid errors will result regardless of
whether fexact is approximated by � rst-, second-, or mixed-order
extrapolationon the � ne grids.

Also shown individually in Fig. 7 are the normalized magnitudes
of the � rst- and second-order error terms,

­­­­
Qg1h
Qfexact

­­­­£ 100;

­­­­
Qg2h2

Qfexact

­­­­£ 100 (28)

along with the magnitude of their sum,
­­­­

Qg1h C Qg2h2

Qfexact

­­­­£ 100 (29)

The � rst-order error term has a slope of unity on the log–log plot.
For a � rst-order scheme, this � rst-ordererror term will dominate the
second-ordererror term as the mesh is re� ned. The second-orderer-
ror term has a slope of two and will dominate the total error when
the scheme is exhibiting second-order behavior. The magnitude of
the sum of the two terms (solid line) is forced to pass through the
points associatedwith meshes 1–3 because these solutions are used
in the determination of the coef� cients in Eqs. (21–23). First-order
accuracy is seen in the � ne grid solutions, whereas the error anal-
ysis predicts that the coarse grid solutions will begin to exhibit a
second-order behavior. The grid convergence analysis, which uses
only meshes 1–3, provides a reasonable prediction of the error on
all meshes.

The behavior of the surface pressure as the mesh is re� ned is
presented in Fig. 8 for the x=RN D 0.23 location, which is near the
stagnationpoint. In this case, the pressurevalues � rst decreaseas the
grid is re� ned and then increasebelow h D 16; thus, a local minima
occurs in the surface pressure occurs near h D 16 as the grid is re-
� ned. In this case, the surface pressureasymptotes to approximately
12,980 N/m2 on the � ner meshes.

The spatial error as the grid is re� ned is presented in Fig. 9 for
x=RN D 0.23. The discrete values exhibit a � rst-order behavior on
the � ner meshes but a second-orderbehavioron the coarser meshes.
The coef� cientsof the � rst- and second-ordererror terms, Qg1 and Qg2,
in this case are of opposite sign, thus giving error cancellationwhen
Qg1h D ¡Qg2h2 . This error cancellation manifests as a sharp drop in
the error predicted from using meshes 1–3 (solid line) at h D 20. It
is the cancellation between the two leading error terms (� rst and
second order in this case) that is responsible for the nonmonotonic
behaviorof the pressurewith mesh re� nement.On the coarsergrids,
the second-order term dominates and is positive, that is, the solu-
tions approach the asymptotic value from above. On the � ner grids,
the � rst-order term dominates and is negative, that is, the solutions
approach the asymptotic value from below.
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Fig. 9 Error in the surface pressure as the mesh is re� ned.

Fig. 10 Behavior of the forebody drag (excluding base drag) as the
mesh is re� ned.

The mixed-order error analysis method has also been applied to
the forebody drag, an integrated quantity. Figure 10 shows the be-
havior of the drag as the mesh is re� ned. A nonmonotonicbehavior
is seen near h D 32. The drag values asymptote to approximately
0.99 N on the � ner meshes. The spatial errors in the drag are pre-
sented in Fig. 11. Good qualitative agreement is again observed
between the error analysis (using only meshes 1–3) and the discrete
solution error on all meshes. In fact, the location where the discrete
solution error crosses over the estimated exact solution shown in
Fig. 10 (between h D 32 and 64) is also captured by the error anal-
ysis, showing up in Fig. 11 as a sharp drop in the predicted error
near h D 42. This examinationof the drag shows that nonmonotonic
behavior can occur for global quantities as well. The nonmonotone
grid convergence behavior demonstrated for this relatively simple
� ow could certainly occur in more complex � ows, for example,
� ow separation, shock-boundary layer interaction, etc., especially
outside of the asymptotic grid convergence range.

Grid Convergence Error Estimators
In the preceding section, the focus was on error analysis and,

speci� cally, on understanding how and why nonmonotonic behav-
ior can occur for solution variables as the mesh is re� ned. In this
section,the focusnowshifts to errorestimation.The errorestimation
methods discussed later are intended to be used for engineeringcal-

Fig. 11 Error in the forebody drag (excluding base drag) as the mesh
is re� ned.

culations where only a limited number of grid levels are available.
Both Roache10 and Oberkampf and Blottner38 encourage the use
of at least three grid levels for problems suf� ciently different than
those previously studied. This position is also taken by the current
author. If the three solutions converge monotonically as the mesh
is re� ned, then the observed order of accuracy can be calculated
with Eq. (18), and the generalizedRichardson extrapolation8;9 pro-
cedure of Eq. (17) can be employedusing the two � nest mesh levels.
If the solutions do not converge monotonically, then the procedures
developed in this section are recommended.

The goal of this section is to examine the behavior of a number
of different error estimators for the hypersonicblunt-body� ow cur-
rently under investigation.The ideal error estimator would provide
anerrorestimatethat is veryclose to theactualerrorand carriessome
statistical measure of the con� dence that the error estimate will be
conservative, for example, a 2¾ or 95% con� dence band. For com-
plicated, nonlinear problems in multiple dimensions (and rarely in
the true asymptotic grid convergence range), a rigorous proof of
such an error band is probably not attainable.5;10 Therefore, one is
forced to rely on more heuristicmethods of quantitativelyassessing
grid convergence errors.

The most straightforwarderror estimation method would be sim-
ply to use the extrapolated estimate of fexact to estimate the error in
the discretesolutions.For example,if theobservedorderof accuracy
of some solution variable has been veri� ed (and the solutions are
monotonic),then thegeneralizedRichardsonextrapolation8;9 can be
used to estimate the error from Eq. (27). However, one does not nec-
essarily know whether the estimated fexact will be larger or smaller
than the true exact solution. That is, Qfexact could approach fexact ei-
ther from above or from below (or even possibly in a nonmonotonic
manner depending on whether the solutions are asymptotic). One
approach to ensure conservative error estimates would be to add a
factor of safety to the error estimate of Eq. (27), such as

jspatial error.%/j D Fs

­­­­
fk ¡ Qfexact

Qfexact

­­­­£ 100 (30)

where this factor of safety can be chosen as some appropriatevalue,
for example, Fs D 3.

Another common approach to reportinggrid convergencestudies
is to report the difference between a coarse grid solution f2 and
a � ne grid solution f1 . These differences are generally reported as
some percentageof the � ne grid value.Roache10 points out the main
problem with this approach is that the error estimate is independent
of the orderof accuracyof the numericalmethod and the grid re� ne-
ment factor used. Clearly the true errorswould be quite different if a
5% difference is found using this method for a � rst-order scheme vs
a third-orderscheme.A similar statement can be made for two cases
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where the grid re� nement factor was r D 2 vs r D 1.1. Roache has
proposed a uniform method for reporting grid convergence studies
that properly accounts for the order of accuracy of the method and
the grid re� nement factor.10 Roache’s GCI, on a percentage basis,
can be written as

GCI.%/ D
Fs

r p ¡ 1

­­­­
f2 ¡ f1

f1

­­­­£ 100 (31)

where p is the order of the scheme and the factor of safety is gen-
erally taken to be Fs D 3. It can be shown that Eqs. (30) and (31)
produce similar error estimates when the generalized Richardson
extrapolation8;9 method is used to determine Qfexact in Eq. (30) and
when the GCI error estimate is less than 10–20%. (See Appendix B
of Ref. 21 for details.)Note that all of these error estimatorsmust be
normalized by some reference value (other than Qfexact) when Qfexact

(or f1 for the GCI) approacheszero.
Five different methods will be used to estimate the grid conver-

gence errors. The � rst three methods all employ Eq. (30) without
the factor of safety but differ in that the estimate of the exact solu-
tion Qfexact is taken to be either 1) the mixed � rst- plus second-order
estimate of Eq. (23), 2) the generalizedRichardson extrapolation8;9

value of Eq. (11) with p D 1, or 3) the generalized Richardson ex-
trapolation value of Eq. (11) with p D 2. The remaining two meth-
ods are Roache’s10 GCI(%) assuming either 4) � rst order (p D 1)
or 5) second order (p D 2), again without the factor of safety, that
is, the GCI is divided by three. The mixed-order method required
three solutions to obtain the estimate of the exact solution, and the
coarser meshes are used to provide these two additional solutions.
For example, the mixed-orderestimateat mesh 4, h D 8, will use the
discrete solutions on meshes 4–6. The other estimators all require
a single additional coarse grid; thus estimates are available on all
but the coarsest mesh. For example, the error estimates at mesh 3,
h D 4, use discrete solutionson meshes 3 and 4. These estimates are
compared to the best estimate error, which is determined using the
mixed-orderextrapolationmethodon the three � nestmesh solutions
(meshes 1–3). This best estimate error is expected to be a very good
error estimate, especially on the coarser meshes.

Evaluation of Error Estimators
The � ve error estimators discussed are applied to the discrete

values for the surface pressure at the x=RN D 0.83 axial location
for the various mesh levels, with the results shown in Fig. 12. For
this case, the � rst-order error estimation methods provide conser-
vative estimates of the error over the entire range of grids, whereas
the mixed-order and second-order estimates are not always con-
servative. The differences between the � rst-order extrapolation of
Eq. (30) and the � rst-orderGCI(%) are evidentonly when the GCI/3

Fig. 12 Comparison of error estimates for the surface pressure at the
sphere–cone tangency point.

Fig. 13 Comparison of error estimates for the surface pressure.

is larger than approximately4%, that is, the GCI is larger than 12%.
This behavior is discussed in detail in Appendix B of Ref. 21. Note
that the � rst-orderGCI and the second-orderGCI will, by de� nition,
differ only by a factor of three [Eq. (31)].

The error estimation results at x=RN D 0.23 are given in Fig. 13.
In this case, the mixed-order error estimator most closely matches
the actual error behavior. This result is expected because the pres-
sure showed a clear nonmonotonic behavior at this location, with
a local minimum occurring at h D 16. In regions of nonmonotonic
grid convergence, the single-ordererror estimators are prone to ex-
trapolate with the wrong slope, or even in the wrong direction, and,
thus, provide very poor estimates of the error.

Based on the preceding results, none of the error estimators have
been shown to provide superior error estimates in all cases. In gen-
eral, the � rst-order error estimator (along with the � rst-order GCI)
provided the best results when the properties converged monoton-
ically with grid re� nement; conversely, the mixed-order error es-
timator was clearly superior when the properties converged non-
monotonically with grid re� nement. Both of these error estimators
performedwell when theerrorwas small, that is, on the � nermeshes.

Application of the Mixed-Order Error Estimator
The mixed-orderextrapolationmethodwill now be applied to sur-

face and � eld pressureof the current simulationsusing meshes 1–3.
The error estimates on the � ne grid for the surface pressure are
presented in Fig. 14. The error is fairly constant at ¡0:08% for
x=RN < 0.25 and x=RN > 1.5. In between, the error oscillates be-
tween approximately¡0:25 and 0.1%. The source of the oscillatory
errorwill be discussedin the followingparagraph.The maximumer-
rors occur near the sphere–cone tangency point (C0:5 and ¡1:4%).
The relatively large errors at the sphere–cone tangency point occur
because this point is a surface curvature discontinuity. In general,
such singular points should be addressed either by additional grid
re� nement or other special treatment.

The � eld errors in the pressure for mesh 1 are shown in Fig. 15,
again using the mixed-ordermethod to approximate the exact solu-
tion. Whereas the errors were by far the largest at the shock wave
due to the poor estimate of the exact solution in the presence of the
shock discontinuity, the contour levels were scaled to best illustrate
the propagation of the error behind the shock wave. [Note that
the series expansion of Eq. (2) is not valid through a discontinu-
ity.] The errors at the shock wave exhibit an oscillatory behavior
due the misalignment of the bow shock and the grid lines. (Recall
that no effort was made to align or cluster the mesh to the shock.)
The errors at the shock wave propagate through the � ow along lo-
cal characteristics, re� ect off the body, and then continue to travel
along the characteristicsto again reach the shock.As the errors from
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Fig. 14 Error estimates in the surface pressure for the inviscid sphere–

cone using mesh 1.

Fig. 15 Error estimates in pressure for the inviscid sphere–cone using
mesh 1, 1024 ££ 512 cells.

the shock cross over the re� ected errors, an interference pattern is
created. It is the impingement of these propagated errors onto the
surface that leads to the oscillatory behavior seen in the error in
surface pressure (Fig. 14).

The relatively large errors observed in Fig. 14 at the sphere–cone
tangency point (x=RN D 0.83) are clearly shown in the � eld plot of
Fig. 15. The error at the sphere–cone tangencypoint also propagates
through the � ow� eld along a characteristic Mach line. The overall
discretization error comes from two sources: local error and trans-
mitted error (also known as pollution error). It is clear from Fig. 15
that extrapolation-basederror estimators measure the discretization
error (or global error), capturing the error propagated downstream
from the shock. A good extrapolation-based error estimator, thus,
can be used both for quantifying the discretization error in a given
solution and for mesh adaption.

Conclusions
Results were presented for the Mach 8 inviscid � ow of a calori-

cally perfectgasover a sphericallybluntedcone.A formallysecond-
order numerical method was employed; however, the spatial order
of accuracy of the method was reduced to � rst order at the shock
wave via a � ux limiting procedureto prevent numericaloscillations.
The numerical scheme is, therefore, mixed order in the sense that

the orderof the local truncationerror (which determinesthe orderof
accuracy of the scheme) varies from second order over most of the
domain to � rst order at the shock wave. The � rst-order truncation
error at the shockwave led to the presenceof a � rst-orderdiscretiza-
tion error component (however small) everywhere downstream. As
the mesh spacingwas re� ned, this � rst-ordererror componenteven-
tually dominated the total discretizationerror.

An error analysis method was presented for mixed-order numer-
ical schemes in which both � rst- and second-ordererror terms were
included. When the coef� cients of these error components had the
same sign, the convergence of the solution properties as the mesh
was re� ned was monotone. However, when these coef� cients were
of opposite sign, error cancellation occurred at the crossover point
where Qg1h D ¡ Qg2h2 , resulting in nonmonotonic behavior in the so-
lution variables. The proposed mixed-order error analysis captures
the nonmonotonic behavior of the solution variables.

An error estimator was proposed that used a mixed-order extrap-
olation to obtain an estimate of the exact solution. When the local
solution was nonmonotonic with grid re� nement, this mixed-order
error estimator was shown to provide good local estimates of the
error. Methods based on single-order extrapolation provided poor
error estimates in the presence of nonmonotonic grid convergence.
However, when the solution was monotone, the � rst-order error es-
timators provided the best error estimates. The error in the surface
pressure was quanti� ed using the mixed-order error estimator. The
largest errors were found to occur near the sphere–cone tangency
point and were approximately 1.4% in magnitude for the � ne mesh
(1024£ 512 cells). A � eld plot of the estimated error in the pres-
sure showed an oscillatory behavior in the error at the shock wave
due to grid misalignment, along with a relatively large error at the
sphere–cone tangency point. The errors from both of these sources
propagated downstream along characteristic Mach lines. The large
errors at the sphere–cone tangency point were due to discontinu-
ities in the local surface curvature and therefore require additional
grid clustering.
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